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The extensive use of lightweight composite materials in composite aircraft structures drastically increases
the sensitivity to both fatigue- and impact-induced damage of their critical structural components
during their service life. Within this scenario, an integrated hardware-software system that is capable
of monitoring the composite airframe, assessing its structural integrity, identifying a condition-based
maintenance, and predicting the remaining service life of its critical components is therefore needed.
As a contribution to this goal, this paper presents the theoretical basis of a novel and comprehensive
probabilistic methodology for predicting the remaining service life of adhesively bonded joints within
the structural components of composite aircraft, with emphasis on a composite wing structure. Non-
destructive evaluation techniques and recursive Bayesian inference are used to (i) assess the current
state of damage of the system and (ii) update the joint probability distribution function (PDF) of the
damage extents at various locations. A probabilistic model for future aerodynamic loads and a damage
evolution model for the adhesive are then used to stochastically propagate damage through the joints
and predict the joint PDF of the damage extents at future times. This information is subsequently used
to probabilistically assess the reduced (due to damage) global aeroelastic performance of the wing by
computing the PDFs of its flutter velocity and the velocities associated with the limit cycle oscillations of
interest. Combined local and global failure criteria are finally used to compute lower and upper bounds

for the reliability index of the composite wing structure at future times.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Probabilistic design, structural health monitoring (SHM), and
risk assessment methodologies for commercial, transport, and
fighter aircraft have been under development by the research com-
munity for a considerable time [ 1-3]. Moreover, the increasing use
of high-performance lightweight composite materials is rendering
rigorous probabilistic approaches essential: fiber-reinforced poly-
mer (FRP) and adhesive materials are in fact characterized by a
large statistical variability in their mechanical properties and are
extremely sensitive to both fatigue- and impact-induced damage
— phenomena that cannot be treated deterministically and require
periodic monitoring of the structure in order to prevent unex-
pected failures. Unmanned aerial vehicles (UAVs), such as the one
shown in Fig. 1, are an example of how extensively composite ma-
terials can be used in aircraft structures; additionally, the absence
of a pilot on these vehicles leads to higher levels of damage tol-
erance. Various damage mechanisms — e.g., debonding, inter-ply
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delamination, fiber breakage, and matrix cracking — can thus initi-
ate and invisibly propagate up to catastrophic levels in the most
damage-sensitive structural components, such as the wings, the
tail stabilizers, and the fuselage. In particular, the adhesive joints
that bond the aircraft skin to the primary airframe components
(e.g., wing spars, bulkheads, stringers) are recognized as the most
fatigue-sensitive subcomponents of a lightweight composite air-
craft, with the wing skin-to-spar adhesive joints being the most
critical. The progressive debonding, evolving from the wing root
along these joints (see Fig. 1 and [4]), compromises both local
component strength and global aeroelastic performance of the
vehicle [5,6]. There is therefore the need for a field-deployable
system capable of monitoring the composite airframe, assessing
its structural integrity, identifying a cost-efficient condition/risk-
based maintenance program, and predicting its remaining useful
life (damage prognosis; see [7]).

The probabilistic framework for remaining service life pre-
diction presented in this paper was inspired by a performance-
based analysis framework developed in the area of earthquake
engineering [8]. According to this approach, data collected dur-
ing on-ground and in-flight non-destructive evaluation (NDE) in-
spections [9] are used to assess the current state of damage of the
monitored structural components (i.e., damage location, damage
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Fig. 1. Example of a composite UAV and idealized composite UAV wing with emphasis on the skin-to-spar adhesive joints and the four possible locations of damage initiation

at the wing root.

mechanism, and damage size/extent) considering potential mul-
tiple damage mechanisms and locations. The uncertainty charac-
terizing the NDE inspection results is efficiently assimilated by a
recursive Bayesian inference scheme used to update the joint prob-
ability distribution function (PDF) of the damage extents. A load
hazard model for future aerodynamic loads and a damage evo-
lution model are then used to stochastically propagate the iden-
tified damage mechanisms in time. Finally, combined local (e.g.,
exceedance of a critical damage size at a damage location) and
global (e.g., exceedance of the flutter instability boundary, or initia-
tion of limit cycle oscillation (LCO) behavior) failure criteria, similar
to those introduced by Lin et al. [ 10] and Styuart et al. [11], are used
to compute the evolution in time of the probability of system failure
using well-established component and system reliability analysis
methods.

2. Overview of proposed damage prognosis methodology

The flowchart shown in Fig. 2 illustrates conceptually the pro-
cess of uncertainty propagation necessary to estimate the remain-
ing service life of a composite aircraft structural component (e.g., a
composite UAV wing) once a new NDE inspection outcome, at cur-
rent time f,, becomes available. The inspection outcome is rep-
resented by the measured (through NDE sensor data processing)
damage size/extent vector, ah,, at the inspected locations at time
t,. This new information is used (in the first step of the method-
ology, Bayesian inference) to compute the posterior joint PDF of
the (ni—dimensional) actual damage size vector, AL, conditional
on the material (®p,,¢) and damage model (@q4,m,) parameters, as
well as on all the previous p + 1 NDE measurement outcomes ob-
tained up to time t,, denoted as al0rl — {a%.a), ... ah}. For
the sake of simplicity, this posterior joint conditional PDF, given

in full form as f/, (a8 10mac, Bgam . alo? ]), is hereafter

Agl©®mat, Odam

(af 18mat, Odam ), without explicitly including

. AES‘F]

denoted f,
Ag|®mat-®dam

the dependency on Ag,? Pl Similarly, the prior knowledge is denoted
/ p :

as fl, (aa [Omat, Odam). Furthermore, the actual size of the
Ag|®mat, Odam

jth detected damage mechanism evolving at the ith monitored
damage location at time t, is denoted as AS””. The random pa-
rameter vector @, (of length np,¢) exclusively describes the un-
certainty in the material properties used to model the parts of the
airframe which are herein assumed to be non-damageable,
while the random vector @4,y (of length ng.y) quantifies the

uncertainty of those parameters that control the fatigue-induced
material degradation [12-14] in the pre-identified damageable
subcomponents. In this study, @y, and Oq,y, are assumed to be
statistically independent (s.i.) and time invariant [15].

The second step of the methodology, probabilistic load hazard
analysis, defines the joint PDF of the s.i. [15] turbulence and
maneuver intensity measures (IMr, IMy;), conditional on the flight
profile (@) and the assumed s.i. turbulence (®1) and maneuver
(®y) random parameter vectors; i.e., the joint conditional
PDF flM|9F (im |6F) = flMTleM‘eF (imT, imM |e]:) This step thus
provides the information on the aerodynamic loads necessary to
stochastically compute the structural response of interest at future
time t > tp. In the proposed methodology, this task is achieved
in a discrete fashion [15] by defining q equally spaced future
times {t; = t, + gAt,q =1, 2,..., g}. Within the time window

[tp, tg ] an unknown number of flight segments (n;) can occur, and
therefore ®r collects the flight profile parameters for each of these
[G);k), k=1,..., ns}. Examples of

ng flight segments as Of

parameters collected in ® include the altitude of flight, H®;
the mean airstream velocity with respect to (w.r.t.) a reference
system fixed to the aircraft, V¥; and the time of flight during
the kth flight segment, T®. Similarly, it is possible to rewrite the

vectors IMy, IMy;, ©r, and Oy as IM; = {IM%"), k=1,..., ns},
IMy = {IMI(J[‘),k: 1,...,n5p, Or = {@g‘),k: 1,...,ns},and

Oy = {@f\ﬁ), k=1,..., ns}, respectively. The ng subvectors IM&")
are assumed to be mutually s.i. and independent of ®,. Similarly,
the ns subvectors lMI(\j[‘) are assumed to be mutually s.i. and
independent of Or.

In the third step of the proposed methodology, namely
probabilistic structural response analysis, the joint conditional PDF
of the structural response of the system - expressed in terms of
the predicted (from time f,) damage size vector (AE,” ’q]) at the
generic future time tg = t, +qAr withq € {1,2,...,q} -
is computed through extensive Monte Carlo (MC) simulations or
semi-analytical methods using either the detailed finite element
(FE) model of the structure or a computationally more efficient
surrogate model [16]. This joint PDF, conditional on ®,¢, Odam,
and all the previous NDE outcomes aL?*P ] (not explicitly included
in the notation), is denoted f,pai @dam(a';’ “D10mats Odam ). and is

computed as shown later in Eq. (3).
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Fig. 2. Overview of proposed reliability-based damage prognosis methodology for remaining service life prediction.

The fourth step, namely probabilistic flutter and LCO analyses,
estimates the joint PDF of the predicted damage size vector AP*?,

flutter velocity VF[p ‘4 and the (nyco-dimensional) vector of LCO

velocities (V%)) at the generic future time t} = t, + qArt, ie.,

the joint PDF fALp,ql_Vgp,qlvvi%gl(az[zpm, Ul[:p'q], V][_%g]) = fnl[_f’b‘”(dl[f.’bq])'

where D’ is defined as DY = {A([f”q], VE’L%]O}, and the ng-

dimensional (with ng = 14 nyco) vector VP4 is given by VP4l —

[VF[p Al yRdl ] The flutter velocity represents the lowest velocity

at which flutter occurs, whereas each of the nicg LCO velocities,
collected in the random vector v{'gg], indicates the velocity at
which the corresponding LCO amplitude (e.g., maximum wing
tip displacement or twist amplitude) reaches a predefined limit

threshold.
s [pqly _ [p.ql Ip.al ) :
Once the joint PDF fD[ﬁ"cq](dL*G ) = Al[]p,q]!vgyl,_(é]o (aa , VF,LCO) is

determined, the probability of system failure at time ¢, P [Fs[yp;q]],

is estimated by performing component and system reliability anal-
yses [17]. These analyses are part of the fifth step of the frame-
work, namely damage prognosis analysis, through three substeps:
(i) computation of the modal conditional failure probabilities,

P [FL[T’,.]’,‘” a? "‘”] and P [F([;’? 4l ’v[F’f 9 ] (ii) computation of the un-
conditional modal failure probabilities, P [FL[f’U’.q]] and P [F([;’,’ ;‘”]. and

(iii) computation of the lower and upper bounds for P [Fs'f,’s‘m].

Using the assumptions stated in the current section, and the
notation dP [X] = P[x < X < x+ dx] = fx(x)dx, the probability
of system failure at time tg can be obtained by using the total
probability theorem (TPT) multiple times in a nested fashion as

a1 — . [p.ql [p.q]
Pl = [P [ ot |ae b
LG

:/ P [FIP~4J
(p.al /I ] R
Aupq VFI,JLqCO

where the term dP [D{’fg;q]] = dp [A([,p‘q], VE'L?O] can be expressed
as

dp [Agp’tﬂs VE i[é]o]

:/ / dP I:VE)L%]O ’A‘[Jp,q]’ Omat, ®dam]
Omat Y Odam

A9V, [ap[APa VL] ()

x dP [Agp’q] [®mat, Odam ] dP [Omat] dP [Ogam] s (2)
and the quantity dP [At[lp D@ mats ®dam] can be obtained as [15]

dp [At[;p’q] |®mata ®dam]

= / / [ dP [AP7 |©pat, Odam., AL, IM, Ok |
AL Jim J e

x dP” [Ag |®mat, ®dam] -dP[IM|©¢] - dP [OF] . (3)

Finally, the term dP [IM |®¢ ] can conceptually be written as the
product of two s.i. subterms as

dP [IM|®¢] = dP [IMy, IMy | ©¢]

/ 4P [IV;|©+, O] - dP [©1]0]
Or

X f dP [IMy |y, O] - dP [Oy|©y] . (@)
Om

The ultimate step allowed by the proposed methodology
consists of the decision-making process. It essentially uses the
damage prognosis results to optimize the maintenance and repair
programs, and consequently reduce the life-cycle cost of the
structure. The decisions made at current time t, can be revised later
(at times tp4 1, tp12, etc.) as new NDE data are collected, a concept
illustrated in Fig. 3. Scheduling of the next maintenance or repair

is obtained by estimating the time at which P [Fs[ffs’q]] will exceed a

specified safety threshold pg [15].

3. Recursive Bayesian inference analysis

The following three assumptions regarding an NDE inspection
are made herein. (i) An NDE inspection can detect and locate dam-
age, identify the damage mechanisms simultaneously evolving at
a certain damage location, and, in the best-case scenario, quantify
the damage extents - by using, for instance, an equivalent dam-
age size - for each damage mechanism detected and identified. (ii)
The overall uncertainty (i.e., including both systematic and random
errors) in the measured extent of damage is dependent on dam-
age location [15], damage mechanism, and extent of damage [18].
(iii) Detection and measurement of the extent of a certain dam-
age mechanism evolving at a certain damage location only depend
on the true (and unknown) damage size of that particular damage
mechanism at the time of inspection.
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Fig. 3. Conceptual representation of proposed damage prognosis algorithm for two successive NDE inspections (at times t, and t,.1), emphasizing the alternative and

recursive use of statistical and predictive analysis steps.

The detection capability of a particular NDE technique is
quantified by the so-called probability of detection (POD). The POD,
for a particular (i, j, p) combination, is defined as the probability of

detecting damage of any size (i.e., A,(,i’j LS 0), given that the actual
damage size, at current time t,, is AS”” = a{"” (with al"” > 0),
ie,

POD (a‘(]i,j,p)) —p [Aﬁ,j.p) >0 | A‘(li.j,p) — al(li,j,p)] . (5)
On the other hand, the probability that the NDE outcome

constitutes a false alarm - i.e., damage detected (A,(qi’j L 0) when

in reality there is no actual damage (aéi’j’p ) = 0) - is referred to as
false-call probability (FCP) and is defined as

FCPiijpy = P [AWP > 0| AP = 0] = POD (al*P =0).  (6)
The two pieces of information provided in Eqgs. (5) and (6), with

the former viewed as a continuous function of a7, are combined

together in the so-called POD curve. Several parametric models, for
defining a POD curve from the curve fit of experimental binary data
(i.e. Agl,j,p) >0 | Ag’j’p) — al(li.j,p) and A#‘;JZP) =0| Afj’f"’) — a((]i,j,p))
can be found in the literature. Among these models, those proposed
by Berens [19] and Staat [20] are shown below:

exp [—ag’j) + o/ In [aff‘j’m]]

POD (a{?") = -
’ — gD ) (i.p)
T+expy—ap” + o, In|ag
POD (aP) = (1 — pli) [1 — exp (_O{;i,j)a‘(li,j,p)>i| . ®)
The terms o, &, and o are regression coefficients, and p

accounts for the fact that the POD for a very large damage size,
al"P is not necessarily equal to 1. The POD curves that can be
obtained from Eqgs. (7) and (8), for some particular values of the
regression coefficients mentioned above, are depicted in Fig. 4.

For a particular (i,j, p) combination, once damage is de-
tected and its extent measured, it is natural to question the
fidelity/precision of that NDE measurement conditional on the ac-
tual damage size. To this end, the NDE measurement accuracy is
herein accounted for by the following (linear) damage-size mea-
surement model, used by Zhang and Mahadevan [21]:

A,(,i’j’p) (A((f’j’P) — aéi.j,m) — ﬁ(()i,j) + ﬂl(i’j)aff’j’p) + &, (9)
where the random variables Afj’f"’ ) and AS,";J*P ) are respectively the
actual and the measured damage size for damage location i, dam-
age mechanism j, and inspection time t,. The quantity a{”"”’ de-
notes the value of the actual damage size for the particular (i, j, p)
combination considered. The two terms ﬂéi’j) and ﬂ{i’j) are the

1 Y : :
08} _
Berens (1989)
0.61 — 1ol =5.00 1
§ o™ =5.00
£
0.4F
. Staat (1993)
) _
02} pm‘ 0.05 ]
af’) =0.60
O 3 1 I i 1
0 2 4 6 8 10

(.J.p)

Actual Damage Size: a,

, [mm]

Fig. 4. Examples of two POD curve models found in the literature [19,20]. (For a
colour version of this figure, the reader is referred to the web version of this article.)

coefficients of the (assumed) linear model in Eq. (9). Finally, &; ~
N (O, agij) represents the random measurement error/noise, as-
sumed to be Gaussian distributed with zero-mean and standard
deviation o; (considered herein, for the sake of simplicity, to be
independent of the actual damage size A% [21]). The quantities

5, 1", and o, are unknown, and have to be estimated through
a linear regression analysis [15]. The estimated linear regression
coefficients and standard deviation of the random measurement
error are respectively denoted A, 8", and Ge;. Itis now possible
to estimate the PDF of the measured damage size A,(,f,‘j’p ), conditional

on the actual damage size Aff’j’p) = aff’j’p) and the estimated linear

; (i.j,p) @i.j.p), ~@j.p) A
regression parameters, aszm‘Aa (amlag) = ¢ | am 5 Meaiag: Oeii )

where ¢ (a,(;’j’p ). ﬂg;rf’lﬁl, &5U> is the conditional normal PDF of

4P (s ~Ggp) oA - o pagp  pag) (04.p)
A" with mean fi, s = Hgtidimr piim _gtiim = Bo™" + By aq
and standard deviation o, /¥’ = 6,,. However, this conditional

PDF is meaningful only in the range AP~ 0, and is therefore
renormalized as

5 (q@im. f@i0 &\ — o (qiip. y0D s
‘/’(am v“Am\Aav%) —‘P(am ’MAm|Aa’OEU>

A | G @ip\ ]!
+ a
Fo” +Fi 0™ {31 ¢ ) , (10)

Oy

o]
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Fig. 5. Damage-size measurement model adopted in this study [21]. (For a colour
version of this figure, the reader is referred to the web version of this article.)

where @ (-) represents the standard normal cumulative distribu-
tion function (CDF). All these concepts described above are illus-
trated in Fig. 5.

The POD curve and the damage size measurement model are
then used to build the likelihood function, L (af|af,), needed to
recursively update [10,21-23] the prior joint conditional PDF,

/ (af18ma, 04am). into the posterior joint conditional
A \G)mat Odam

PDF, (a%10mac, Bdam ), as the new measurement result,

Ap‘emat Odam
ah,, becomes available. This updating scheme can be written as

" p
pr‘Qmat, edam(aa |emata 9dam)
P3P 2
o« L (a |a )fAPI(-)mat Odam( alemat, (-)dam) . (11)
Furthermore, by assuming that the conditional NDE measurements

[afﬂ,ﬁ PP k=1,..., 0P L (where nlt3P is the number of

NDE measurements performed at time t,, at location i, for damage
mechanism j) are realizations from s.i. random variables for every
(i, j) combination, Eq. (11) can be rewritten as

11 D
a0, 0
ng‘gmatquam( a| mats dam)
P ,@.p) (0.j.p)
" Mpy s
(@i.j,p) | 4(i.J.P)
LTIT [T o(at o)

i=1 j=1 k=1
P
X Ap\@)mat 9dam(aa|emat’ edam) ) (]2)

where nL denotes the number of inspected damage locations at

time t, and n(' P) represents the number of detected damage mech-

anisms at location i at time t,. The vector A = (AYP
1., n%" withAl? = (AP j=1,..., nS1%") represents

the collectlon of the actual damage sizes at all inspected locations

and all detected damage mechanisms up to time t,. Additionally,

[ P represents the total number of damage locations inspected up
to time tp, and np [0 PD denotes the total number of detected dam-
age mechamsms at location i up to time t,. The size (at t1me tp) of

0.
the damage size vector A} is thus equal to n = Z, ) ng,&o D

On the other hand, the vector a, = {a%? i = 1, n’'} - with
its subvectors defined as al,? = {@%? j = 1, ng,\ﬁ)} and
D
n

a? = (@G? k= 1,..., 0P - collects all the nbyg = St

()P’ NDE measurement results obtained at time t,. Finally,

Zn]()M
j=1
L ( G, p>|a(” p)) represents the likelihood function of "’ given
the kth NDE measurement result, a,(qﬂ’,{’p ) It should be noted that
(i) the equality L (aa|a(” p)) L a(”p)|a(” P)

sequence of the measurement model used in Eq. (9), and (ii) the
mathematical form of the likelihood function depends on the NDE

inspection outcome, ay ), as

L (agl.rp) |a1(111,i,p))

) is a direct con-

@ (a?s it 6, ) - POD (af7) ifal? > 0 .

1— POD (a{/?) if ali? = 0.

It must also be mentioned that (i) the initial (i.e., at time tg)
damage-size PDF model, f ( ) is defined on the basis of engi-

neering judgment [10], and (11) the components of the random vec-
tor AY, at time ty, can be reasonably considered mutually s.i. and
s.i. of @, and Ogap [15].

4. Probabilistic load hazard analysis

In this study, two types of external action are considered to
contribute significantly to the fatigue damage accumulation in
the skin-to-spar adhesive joints of a composite wing structure:
turbulence-induced and maneuver-induced loads. Turbulence is
modeled as a zero-mean, isotropic, stationary (in time), and
homogeneous (in space) stochastic Gaussian random velocity field,
as discussed in detail by Hoblit [24] and Van Staveren [25]. Its
intensity, associated with the kth flight segment in the time

window [tp, tg] is a scalar random variable taken as the root

mean square (Z‘T(k)) of the wind velocity fluctuations. This random
quantity is characterized by the conditional PDF

fz”‘) s ( PN 9<k)) Py (h%®) 5 (UTuo)
+M\/76Xp 1 o 2
by (h®) 2 \ by (%)

2
P, (h®) 2 1( oY
+ —7= exp — | ——=
by (h®)V 7 2 \ by (h®)
where Po(h®), P;(h®), P,(h®), by (h™), by (h®) are altitude-
dependent distribution parameters collected (for each flight
segment) in the vector 9;"). Another essential piece of information
is provided by the spatial extent, AS%"), of the turbulent patches
during the kth flight segment. In this study, the quantity AS#‘)
is considered as a random variable following an exponential
distribution with mean value (collected in @;k) and potentially
dependent on h™¥) denoted as /LAS(k), this is an assumption

(14)

that is well validated by some recorded flight data found in the
literature [26,27], as shown in Fig. 6. Turbulence intensity (2{"))
and the extent of the turbulent patches (AS%’O) are collected in
=9, asP L.
The random sequence of the intensities of the turbulent patches

the turbulence intensity measure vector lM;k) =

during each of the ng flight segments in [tp, tg] can be modeled

and simulated using homogeneous Poisson rectangular pulse
processes [15,31] with mean rate of occurrence kg‘) =1/u RCE
T

Each arrival (in space) of a Poisson event raises a rectangular
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Fig. 6. Probability of turbulent patches exceeding a specified extent in different
geographical areas (from Ref. [27]). (a) From flight data collected in Southern USA
and altitudes above 40,000 ft. (b) From flight data collected in Western Europe and
altitudes between 20,000 and 40,000 ft. The lines represent the fitted exponential
complementary CDF (CCDF). (For a colour version of this figure, the reader is
referred to the web version of this article.)

pulse of random intensity ET(k) - according to the conditional PDF

f CISCING (UT(k) I(ﬁk), 0;’{)) in Eq. (14) - until the next arrival. An
T T *™F

illustrative example is shown in Fig. 7. Additionally, a generic

realization of the random vector IMy in [tp, tg] is herein denoted

as imp = [im%"), k=1,..., ns}, where the subvector img‘)
is defined as im{ 2 {im%k’m), m= 1,...,n¥‘)}. with (i)
im{“™ = {UT““"), Asg"m)} denoting the intensity and extent of

the mth turbulent patch and (ii) ng‘) representing the total number

of turbulence patches (within the kth flight segment) randomly
generated during a generic realization of IM%k). Once an ensemble
of turbulence intensity time histories in [tp, tg] is generated, Von

Karman or Dryden turbulence velocity spectra are then used (as
described in Ref. [25]) to stochastically realize an ensemble of

181

1-, 2-, or 3-dimensional spatially correlated turbulence velocity
paths for each turbulence intensity UT(k’m) realized in the previous
step. These paths are subsequently employed, together with
the remaining flight profile information stored in @f (e.g.,
(v k=1,....,n;} and {T® k=1,...,ng}), to generate the
ensemble of time histories of the turbulence-induced loads for
each flight segment in | t,, t7 |.

On the other hand, the maneuver-induced loads experienced
during the kth flight segment are characterized by (i) the mean rate
of occurrence of maneuvers during that segment, )\,(J[‘) (collected
in ®, and assumed here to be a deterministic function of G;k)),
(ii) the maneuver-induced load factor, Z,E,f) (see Ref. [15]), and
(iii) the maneuver duration, AT,\(,P , also represented by a random
variable (renewed at each occurrence of a maneuver) following an
exponential distribution with mean value & ,.«. The maneuver-

M
induced load factor and maneuver duration are collected in the
vectorlM,(\fl‘) as IM,(\f[‘) = Z,f,[k), AT,\(,P }.These measures are typically
characterized on the basis of flight data [28-30], from which it is
possible to (i) derive )L,(\;? as a function, for instance, of the altitude

of flight, (ii) assign a certain PDF, fZ(k) ({,&k)), to the load factor,
M
z\

duration within a given flight segment. The time histories of the
maneuver-induced loads are modeled and simulated as censored
homogeneous Poisson rectangular pulse processes with mean rate
of occurrence )»fé? for the random arrival in time of the rectangular

pulses [15,31]. The random components Zlf,’f) and AT,f,P can in

general be statistically correlated and their statistical parameters

- such as the mean value of the maneuver duration, © A7) and the
M

, and (iii) estimate the mean value, R of the maneuver
M

distribution parameters of the PDF fZ<k> ({,\(,f )) - are collected (for
M

each flight segment) in the vector @y l@,(\ﬁ), k=1,..., nS].

Finally, with a notation very similar to the one used previously
in this section, a generic realization of the random vector IMy; is
(k)
M

(k,m)
M

denoted imy; = {imf\ﬁ), k=1,..., ns},where the subvector im,

. " . (k) (k)
is defined as im,,’ £ Ly
(k)
M

{im,(\ﬁ'm),m —1,.. ],with (i) im

= {;I\(Ak’m) , At } denoting the intensity and duration of the mth

maneuver and (ii) n,(\jf) representing the total number of maneuvers
(within the kth flight segment) randomly generated in a generic

10 ; . : ;
R(h")=020  B(K")=0.05
= B b(KY)=3.0fils by(h")=10.0fi/s i
= 84
= by = 84mi ]
g ol Hag: |
z
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3
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=
l—
2 _ W :
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0 500 1000 1500 2000 2500
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Fig. 7. lllustrative example of the homogeneous Poisson rectangular pulse process used as the stochastic model for the turbulence-induced intensities (within the kth flight
segment) for a given set of turbulence distribution parameters and an average turbulence patch extent of 84 miles (i.e., the average extent from flight data collected in

Southern USA from Fig. 5-b).
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realization of lM,(\Z‘). Further insight on the modeling and simulation
of maneuver-induced loads is provided in Ref. [15].

5. Probabilistic structural response analysis

Once the two types of aerodynamic load intensity measure
are characterized probabilistically, the joint conditional PDF

IAP916 et 0 4am (a‘[’p q]wm“’eda"‘)' at time ¢ = 6 + qAt

(with q = 1,2,...,q), is computed through extensive MC

simulations during which the random vectors A%, IM, and ©y are

sampled according to their PDFs - i.e., f/, (a8 18mat, Ocam ).
u\ematvedam

fime; (im|0g), and fe.(0r) - in the application of the TPT

shown in Eq. (3). The uncertainty of AP% for given/fixed
values of @mat = Omat, Odam = Ogam, A7 = ab, IM = im, and
©r = O arises from the record-to-record variability of the
structural response across the ensemble of turbulence paths
stochastically realized for a given value of the turbulence intensity.
Therefore, providing the complete probabilistic characterization of

[p ql
fAL[jp’Q]‘emat-gdaqug-lee [0mat> Odam, aa, im, eF) and solving Eq.

(3) represents a formidable task. Under this perspective, estimating
the conditional mean aF¥ AP0t Odam, a5, im, Op)
= Eens [Aa

turbulence patches stochastically realized is thus a more realistic
and computationally achievable goal. Following this approach, Eq.
(3) can be simplified as follows [15]:

|0 mat, Odam, a5, im, (-)F] across the ensemble of

[p,q]
fALP,qI \Qmat@dam(aa [Omat edam)

— [p.q] _ 3[p.ql
—/Ap/ IREEEES

X 3101 © g2l Ot O i (1 Br)
x fer (OF)da’ dim doy. (15)

The use of metamodels - such as polynomial response surface
models [16] and Gaussian Process (GP) models [32] - has to be con-

sidered in order to efficiently compute fA[p,q]‘ Ormar. 04 (aff’
04am). This joint conditional PDF is obtained by computing the

quantity a,[lp 4l , through a series of MC simulations (performed us-
ing the metamodel) during which the input parameters a2, im, and
0r are sampled from their joint PDFs, while the samples from the
random parameter vectors 0, and 04, are kept constant [15].
Following a dimensional analysis approach [33,34] applied to the
specific case studied herein, a possible mathematical form for the
metamodel capable of providing (as output) the average rate of
fatigue-induced damage propagation (across the ensemble of the
turbulence paths realized) for a given set of the input parameters
is given by

1
K [Omat»

d .
Eens |:dt (At[zp't] ’(')mata 0dam, af;, im, 0z ):|

=G (agj’”v Vv, M, 013 Omat, edam) ) (16)

where Eens [d (AE”” |9mat, 0dam, a5, im, OF) /dt] - with dt being a
“macro” increment of time expressed in flight hours - represents
the expected rate of damage propagation at time t > t, for fixed
values of Omat, Odam, a5, im, and Og; the vector aP*! (of length nh)
represents the conditional expectation of the damage-size vector
(at time t > t,) defined as alPth — 3lpdl (Bmat, Odam. a5, im, B;) =

Eens | AP yﬁmat, 04am, a5, im, (-)F]; the three-component vector v

quantifies the velocity of the mean airstream w.r.t. a reference
system fixed to the aircraft; ¢y defines a particular realization

of the maneuver-induced load factor; and o characterizes the
intensity of the turbulence field. The general nonlinear mapping

P
G(-):R"rp — RZA (with njp, = n’; 4+ 5 + Npar + NMdam ), between
the input and output real vector spaces, represents the metamodel
fitted (through an appropriate and computationally feasible design
of experiments) over the desired design space for the input
parameters using the simulation results from the (physics-based)
nonlinear FE model of the composite wing. Furthermore, if
the condition for mean square differentiability of the random

process (AE’” |Bmat, 8. A2 1m) is satisfied, the expectation

and differentiation operators can permute, and Eq. (16) can be
rewritten as

d_ _
aaff"” =G (al"", v, {m, 073 Omat, Odam) (17)
al =ab,

where a} represents the value of the vector ay""! at time t = tp

and a}) is a particular realization of A} according to the posterior
joint PDF f, A O, O (aﬁ |8mat, 8gam ). EqQ. (17) represents a system
mat

of first-order ordmary differential equations that can now be

numerically integrated between current time t, and t,‘,’ to compute
5[p.q]
a; .

An exhaustive treatment of all the steps necessary to com-
pute the conditional joint PDF f,p.q (aE{’ D 10,mac, Odam)
Aq [®mat, @dam

(with ¢ = 1,2,...,q) is presented in Ref. [15]. Herein, the
outcome of these steps is conceptually illustrated in Fig. 8 for

the case of a single damage location (i.e, i = 1 and n’L’ =
{0 L 1) and a single damage mechanism (i.e, j = 1 and
nSP = n%PY = 1) In this figure, a set of damage ex-

tents (sample points at time t,), sampled according to the poste-
(i.j.p) :
a 0mat, 0 ) is stochas-
(,J p)|®mat @)dam( a | mat> Ydam

tically propagated at future times tg = t, + qAt withq =
1,2,...,qand g = 4 (i.e., the four sets of sample points appro-
priately numbered in Fig. 8). Furthermore, the interpolated con-

ij.p+1
(aéljp ) |emat7 9dam)-
. . . . . mat, G)dam .
is also highlighted in Fig. 8 through the set of sample points be-
tween time t2 = t, + 2At and time 7 = t, + 3At. This
conditional PDF is used as prior information for the next Bayesian
updating, aimed at computing the posterior conditional PDF
" gt g 9 ) at time t,., as the next
Aéz.].p-%—l)l@m%@dam( a | mat, Ydam p+1

NDE inspection outcome becomes available.

rior conditional PDF f”

ditional PDF at time tp+]vfl£:gi,j_p+‘l)|®

6. Probabilistic flutter and limit cycle oscillation analyses

This fourth step of the methodology uses the damage evolu-
tion prediction from time t, to time tp (withqg = 1,2,...,q),

for estimating (at future time tp) the joint PDF of (i) the damage
size vector A”%, (ii) the flutter velocity V""", and (iii) the vec-

tor of LCO velocities VI {VL(E’O[" D=1, nLco}. Each

of the nyco LCO velocities is computed via aerodynamic anal-
yses performed in the time domain, and they can potentially
be lower - in the case of a damaged wing - than the (lin-
ear) flutter velocity [35]. The total number of global aeroelastic
failure modes considered in this fourth step is therefore equal
to ng = 1 4 nyco, and also represents the dimension of the ran-

V(r J[p.qD)

dom vector VE”L‘é]O = { rico T =1,..., nc} probabilistically

characterized by the joint PDF f lpq] (VF” LCO) The final out-
come of this fourth step is represented by the joint PDF,
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Fig. 8. Illustrative example of the proposed damage prediction approach for a particular combination of damage location (i), damage mechanism (j), and four evaluations
(i.e., ¢ = 4) of the damage-size PDF across the predicted (at time t,) ensemble of damage sizes. (For a colour version of this figure, the reader is referred to the web version

of this article.)

d[PdZ])
fD'L‘,’e;‘”( LG
D — {A([{’ A, V[Ff’i‘é]o}. This joint PDF can be obtained through

two substeps. In the first substep, the joint conditional PDF
Joip.a) [alp.al (v[p,q]
VF<LCO ‘Aa . ©mat, Odam F.LCO
mated by performing multiple flutter and LCO analyses — each of
them for a fixed realization of (i) the predicted (during the prob-
abilistic damage evolution analysis) damage size vector aE{’ 4 and
(ii) the vectors 0, and 04, sampled from their PDFs fg,,(Omat)
and fe,(04am) at the time of the first NDE inspection as mentioned
in Section 5. In the second substep, the unconditional joint PDF of
D is computed according to Eq. (2).
The use of metamodels is also extremely useful in this step
of the framework in order to reduce the computational cost
of the probabilistic flutter and LCO analyses aimed at determining

the joint conditional PDF fvg,,,&]o ) APl o @dam(vgf i?o a([}”q], 0, .

= fALp.qI_VIFp.L[éIO (a{}’ a VE’L‘?O), of the random vector

aPel o, ., 9dam) is numerically esti-

Odam). It is well known that both flutter and LCO velocities are

primarily governed by the stiffness, strength, and level of dam-
age of the wing. Additionally, if the air density - which renders
both the flutter and LCO velocities dependent on @ through the
altitude of flight H®, k = 1, ..., n, - is considered as a deter-
ministic quantity and assumed (as a simplification) to be indepen-

dent of H", then a possible mathematical form for the metamodel

is given by W;Z) = QG@"; Onar. Odam). The vector Wil de-

fined as (‘_’E = VE{_%]O ara g Odam), represents the out-
put of the metamodel for a given set of the input parameters
a”? 9., and Ogam. The function Q (-) : R — RC (with i
= Np + Nmpa + Ndam) iS instead a general nonlinear map-
ping, between the input and (positive) output real vector spaces,
representing the metamodel fitted - over the desired de-
sign space for the input parameters - using the simulations
from the coupled FE and aerodynamic models of the com-
posite wing structure. Furthermore, as a direct consequence
of these considerations, the joint conditional PDF of yip.al

F.LCO
; [p.ql |, [p.ql
can be rewritten as va,&]Ol APl G)mat,edam<vF-LC0|a" , Omat, Odam

B (vE’ 0 — \_/E‘j ’L‘élo), and the marginal joint PDF of the vector

V[F'f ’L‘élo can thus be computed as

[pql \ _ [p,ql <[p.ql
fv‘;*fco(VF,Lco) = / (p.d] / / 4 (vF,LCO - VF,LCO)
! Aa ’ Omat Y Odam
4

[p.ql
X a 0 0
fALp’ql \G’mat,@dam( a | mat> Ydam )

X f@mat(emat) f@dam(edam)
x dalP ! d6,,c dOyam- (18)

7. Damage prognosis analysis

The fifth step of the proposed framework - namely damage
prognosis analysis - can be carried out in three substeps by
(i) using the joint probabilistic information of the local and global
states of damage at time tg, and (ii) defining appropriate limit-
state functions for both local and global (aeroelastic) potential
failure modes. The first substep consists of computing the modal
failure probability conditional on the actual damage size (for
local failure modes) and the flutter or LCO velocities (for global

failure modes); ie., P [FLU’U#IJ alllp,ql] (withi = 1,..., nio’pj and
j=1,....n80"yand p [Fé’?;‘“ v[F’f’L'é]()] (withr = 1,...,ng),

respectively. In the second substep, the local and global conditional

modal failure probabilities are unconditioned w.r.t. A([,p 4 and

V2L, respectively, and the two outcomes are denoted by P [FL[f’qu]]

(withi =1, " andj = 1, nfy?*") and P [F&] (with
r = 1,..., ng). Finally, in the third and last substep, lower and
upper bounds for the probability of system failure, P [Fs[gsm], are
computed by abstracting the composite wing structure - or any

other structural component of interest - to a series system.

The local failure event F";"' - i.e., the failure event (at time t{)
associated with the jth detected damage mechanism, evolving at

the ith monitored damage location - can be defined as FL[f’i}.q] £

{Aff’j [p.al) > a?], where a? represents a predefined critical damage
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Fig. 9. Failure and false-call domains according to the local failure and false-call
criteria in Egs. (23) and (25), respectively.

size [15]. According to this definition, the conditional modal failure
probability P [FL[f’U‘.q] ‘al[f ] ] is given by

[p.ql ql| [p.aly (.j,[p.qD)
p[FE?|apa] = P[5 0a]
o ifaff'j'[p"’]) < aif
|1 ifdlra > g

and the unconditional modal failure probability is then computed
as

(p.ql o bl
pal] _ p.al | (i.[p.qD)
o] - [ sl

x fygitna(alPe) o pad

+o0

(19)

. ngi,j,[p.qp(afl”f'[""”)) dagu,[p,q])
aC

=1- FAgu,[p.qD(aij) , (20)
where FA‘(Ji,j,[p,q]) (-) represents the CDF of the random variable
Ag’j’[p’q])-

Alternative definitions for the local failure event can be

adopted in the proposed framework [15]. For instance, in pre-
vious research by Lin et al. [10], Huang and Lin [36], and Back-
man [37], the local failure event F%% is defined as F%;" £
[(Aff’j’[p’q” > ag) N (Aﬁﬁ’j’“”‘”) < a'g)].This definition, graphically
illustrated in Fig. 9, represents the event that the actual damage
size, A,(,i’j’lp "”), is greater than the predefined critical damage size
(a!), and that the outcome, A%"P? from the (assumed) single
NDE inspection opportunity at time tg is lower than a?. In this case,
the probability of the failure event F2:%!

L.ij
damage size AP*? = al”% is given by

p [ngq]laﬂp’q]] _p [Fﬁ;q]laéi‘j’[p’q])]

conditional on the true

0 ifa((li»j,[l’,q]) < aij o)
~ 1= ¢ (@D . pop (afHPD) if gl P > g
where the non-negative function v (afj’j’“”‘”)> — I/}(a[(]i,j,lp.,ql);

Béi’j),B{i’j),&sij) - the derivation of which is provided in

Appendix A - is defined as

) | ) (04.lp.qD) ij
v (a(i.j,[p,q])) — @ < o+ B - ac)
a

O

Al | Al Gilad\ 7!
=+ a
x o= p 1 ) (22)
O

Using the TPT, the unconditional modal failure probability,

P [FL[f’Uiqj], is then computed as

[p.ql o Tl
pal] _ Pl | (0. [p.q)
] - [ el o]

X fyito.ab (ali71PaD) g1 1p-aD

o2 +m A~ s s
= [1 — Fyita (02)] - /U_ ¥ (agP)
ac

« POD (aff*j’["’q]))ngi,j,[p_qp (a((li,j,[p,qD) daff’j’[p’q])' (23)

Besides the modal probability of failure (computed according
to the alternative definition of the local failure event, F%%), it
is also of interest to compute the modal probability of false-
call (or false-alarm) events for each of the nﬁ local reliability
components, with the false-call event defined as FC[’;/' 2
{(Aff’j’[p’q]) < a?) n <Af,';’j’[p’q]) > a?)} and shown in Fig. 9. The

probability of the false-call event FCE’ ;j[”, conditional on the true

damage size AP? = alP% (referred herein as conditional modal

false-call probability), is given by
P [FCL[’jl.j’.q]‘ a{}’vql] —P [FC{f’,}q]‘ af,"*f?“"q])]

~ {17, (aU#1PaD) . pop (qlHPaD)  if glihIPa) < gf o

0 if gl ) > gb
Using the TPT, the unconditional modal false-call probability,
P [FCE’;]Q]], is then computed as

[p.q] e [p.q]
al _ Pl | (i..p.a)
P[ch ] _/0 P[FCL_,j |al1pa ]

Xngﬁjv[pvq])(aéi,j,[p,ql)) das’j’[p"”)
;
ac ~ s P
_ /O 7 (a8519) pop (q1paD)
X s inan(aFHPD) daHP D, (25)

On the other hand, a possible global failure criterion can
consider the structural system to have failed when the maximum
operational aircraft velocity (Vyax) exceeds either the reduced
(due to damage) flutter velocity (V*"), or any of the nico
components of the LCO velocity vector (VI%J)), at time t] [10,11].
Each of the ng = 1 + nyco global failure events, with graphical
interpretation provided in Fig. 10, is defined as Fé’?’r‘” S

{VMAX > Vo™
Vmax can be characterized probabilistically by the extreme value

type I (Gumbel) distribution (Styuart et al.,, [11]). Furthermore,

in this study, Vyax is considered to be s.i. of VI¥;% . According to

] (with r = 1,...,ng), where the variable

this definition for the global component failure event, Fé{’ ’rq], the
conditional modal failure probabilities can be expressed as

[p.ql | Ipal | _ [p.ql |, (r.[p,aD
P[FG,r VF,LCO]_P[FG,r Vg 1co ]

1= Frg (Wi7). r=1.....n, (26)
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Fig. 10. Failure domain according to the global failure criterion in Eq. (27): Viyax

exceeding the rth component of the velocity vector V,lr‘f‘L‘éJ(J, at future time t;,’ , after

damage propagation from time t, to time tg .

and, using the TPT, the corresponding unconditional modal failure
probabilities, P [Fg;q]] (withr =1, ..., ng), are then computed as

[.ql T T el
p.q _ p.q
P[FG,r ] - /(; P[FG,r

r.[p.ql (r.[p.qD)
xf, Vérigiﬂ)(vé,m%q )> dvg i

e (r.Ip.ab
_ r.lp.q
= 1_/0 FVMAX<UF,LCO )

(r,[p.qD (r.[p.q])
valgfigrgql)(UF,Lco )dUF.LCO . (27)

(r,[p,q)
Uk Lco ]

Once component reliability analysis has been performed for
all, local and global, failure modes, and the corresponding modal
failure probabilities have been computed, lower and upper bounds

for the probabilities of system failure and false call, P [FS%’;“] and

P [FCP], can be provided. The system failure event Fi;® is
defined as the union of all the n’f\ local and ng global component
failure events described earlier (see Ref. [15]). Lower and upper
unimodal bounds for the probability of this failure event are given

by Ditlevsen and Madsen [17]:
max (P[F%7]. P [FE7]) < P [F5:]
ij,r ? ’

nLOYPI n]()ii\[AO.p]) e
<min|1,| Y ) P[FL[ﬁ.}q]]+ZP[Fg;q]] .28
[ — =

Furthermore, the structural system is considered failed (conserva-

F[p,q]

tively) when the upper bound for P [ sy ] reaches or exceeds a

critical and predefined safety threshold (pg).

Finally, the false-call event for the entire system, FC:% (ie.,
the event of having a false alarm during an assumed single NDE
inspection opportunity at time tg ), is defined as

i=1

[0.p] (,[0.p])
n "bm

.41 (i.j,[p.qD) ij
FCha 2 31 ()| () AP <df
i=1 j=1

[0.p] (1,[0,p])
n pm

ﬂ U U AGilea) > gi | | (29)

i=1 j=1

where Fg’ ’r"] denotes the complement of the global component fail-

ure event F([f ‘rq]. Eq. (29) represents the event that, at least for one

(i, j) combination, the measured damage size Aﬁ,';’f'“’ D from the
single NDE inspection opportunity at time tg ,islarger than or equal
to a? and (at the same time) all local and global reliability compo-
nents, associated with the local and global failure events FL[f:-jiq] and
FP% have not failed. Unimodal bounds for P [FC%:#] are specified

in terms of (i) the modal false-call probabilities, P [FC p ‘q]] (with

L.ij
i=1,....n"" andj = 1,..., n$%"Y) provided in Eq. (25),
(ii) the complements of the local component failure probabilities,
Fyasman (a2) (withi = 1,....n* and j = 1,.... npy"™), de-

rived in Eq. (20), and (iii) the complements of the global compo-
nent failure probabilities P [Fg"rq]] =1-P [Fg",q]] (withr =

1,...,ng). Unimodal lower and upper unimodal bounds for
P [FC:9] can be expressed as (see Appendix B)
P[FCla]
ng
> max (o, Pou [FCE ] + 3 (1= P [FE0]) - nG> (30)
r=1
P [FC®d] < min [Pup [Fcllg’c*jﬂ] , min (1 —P [Fg’;‘”])] , (31)
where
P [FCL[{’,;”]

[p.al| _
Plow [Fclocal ] - H}?X i
* \ Eima (ac)
a
[0.p] _(.[0.p])
n, " Mpum

x max | 0, Z Z FAg,j.[p,qD(ﬂg) —("i_l) (32)
=1 j=1

and

10.6] (i.10.p)

. pm P[FCFI-J’»q]iI

" ¢ ij

=1 j=1 FA(i,j,[p,qD(ac)
a

X Hllin [FAg,j.[p,qD (a?)] . (33)

local

Pup [FC“’"”] = min | 1,

8. Conclusions

A comprehensive reliability-based methodology for predict-
ing the remaining service life of composite aircraft structures
(with emphasis on a composite wing structure) has been pre-
sented. These structures are fabricated using high-performance
lightweight composite materials with outstanding in-plane (fiber
dominated) strengths but very low out-of-plane and adhesive
strengths, a weakness fostering the initiation of damage mech-
anisms (e.g., debonding, inter-ply delamination, etc.) which can
then rapidly propagate up to catastrophic levels (i.e., in-flight air-
craft failure). In this study, it is assumed that the damage propaga-
tion process is purely fatigue driven (even though impact-induced
damage could also be integrated in the proposed methodology).
The prognosis framework presented in this research relies on
(i) in-flight (through a built-in sensor network) and on-ground NDE
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inspections to probabilistically assess and recursively update the
current state of damage of the monitored structural component,
and (ii) stochastic prediction of the evolution in time of the de-
tected damage mechanisms at multiple damage locations through
calibrated and validated computationally efficient metamodeling
approaches. Probabilistic damage evolution analysis and proba-
bilistic flutter and LCO analyses are used in the proposed method-
ology to provide estimates of the joint PDF of the local and global
states of damage at the generic future time t,‘,’ = tp+q- At (where
t, denotes the time of the last NDE inspection and At is a fixed
time interval between two successive damage prognosis predic-
tions). This probabilistic information of the overall state of damage
is then used, through state-of-the-art component and system reli-
ability analysis methods, to compute lower and upper bounds for

F[p ,ql

the probability of system failure, P [ s ] accounting for both lo-

cal (structural) and global (aeroelastic) failure modes. Finally, the

[p.ql

estimates of P [Fsys ] at future times tg (withg=1,2,...,q)can

then be used as rational decision-making parameters/variables to
schedule and/or update the maintenance/repair plan on the basis

of a predefined maximum acceptable threshold (pr) for P [Fs[ggq}].

The proposed methodology thus represents an advanced tool
for fatigue damage prognosis of a composite wing structure
by integrating NDE inspection, Bayesian inference, stochastic
characterization, and superposition of turbulence-induced and
maneuver-induced aerodynamic loads, mechanics-based damage
evolution prediction and its surrogate modeling for uncertainty
propagation, and decision making. However, it can be extended
to the entire airframe, or more generally to any structural system
with potential multi-site fatigue-driven and/or corrosion-driven
damage growth, monitored (nearly continuously or periodically)
through NDE inspections during its service life. Potential fields
of applicability include the following: mechanical systems, such
as wind turbines; civil infrastructures, such as FRP-retrofitted
concrete bridges, offshore platforms, nuclear facilities, and water
dams; automotive and naval systems; and military infrastructure
and equipment, such as lightweight deployable bridges. The
proposed probabilistic damage prognosis framework can also be
used to assess the time-varying reliability of aging structures
and infrastructures and develop a sustainable, reliability-based,
cost-efficient management and maintenance program. Finally,
the work presented herein constitutes the fundamental basis
for forthcoming additional theoretical developments, numerical
applications, validations, and extension to other engineering fields.
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Appendix A. Derivation of equations (21) and (22)

For a given value of the actual damage size A/ P4) — gl [P-aD

and in the range a0 > ¢¥ the conditional modal probability
of failure, P [FL[ﬂjq} ’ ar P ] with the failure event F";" defined

FL[pUq] & (AP 5 gy A QGHPAD - gl can be written

as
P [FL[Z-}‘”‘ afj»i,[p,q])]
=P [{(Aglqj,[p,q]) > a?) ﬂ (A;,J,[p,ql) < a?)} |al(11,],[p,q]):|

=P [A’(TI;J-[PJI]) < aij ‘al(li.j,[P-q])] . (A1)

Using the TPT and the definition of POD given in Eq. (5) in Section 3,
Eq. (A.1) can be rewritten as

[p.aly (i.j.[p.q])
P [FL’U |al(]11 p.q ]
=P [A;TI;J-[P-!I]) < aij |al(1iJv[P-Q])7 D] POD (a((]i,j-[p,q]))
— POD (ag’j,[P,QI))]

=P [A'(,’i’j’[p’q]) < aij |a‘(1i-jq[11qq]), D] POD (a‘(j’j’[p'ﬂ))

) [AI(#],[P,QD < aij |agi,]',|P,LIl), ND] []

+ [1 = PoD (af+P )], (A2)
where D represents the detection event defined as D £

{A,(f;’j’[p’q” > 0} and ND denotes its complement (i.e., the non-

detection event) defined as ND £ {A(i’j’["’q” = 0}. Using Eq.(10) to
express the probability P [A(” pab
equation further simplifies to

[p.ql| (@.j.lp.qD)
P [FL’U ‘aa ]

;
ar P P
—1_ [1 _ (/ @ (a’(#J,[P,q])’ patea &SU> dagl{J,[P,q]))]
o+

x POD (al+1P) | (A3)
( (@.j,[p, q])

a’ ‘aff'j’[p’q]), D], the above

where the integral between 0" and ac of the function ¢(a

~g,[p.q) A
fialia ™, 6e;) is given by

i
ac
= ( 4GiIp.al)  p Gl & (i.j,[p,q)
Lw@,,hm,%w%

ij ~ (0., [p.aD) ~ (1.4, [p.q])
@ "Amma “Amma
G Gej
(11 [p.aD
Am\Aa
Upu
A(u [p, Q]La'f
Ham \Aa <
apu
(IJ [p.aD
145} Am\Aa
U‘gl]
® (36131')+B§i~j)a((1i,j,[pVQ])7aéj>
o
°ij
1- 20 2(d) (iJ.p.a))
@ By +ﬂ1A aq
Ocjj
7 ijlp.al). 20D KG) 2
=1—7 (ag] p.ab. By, B ’Gﬂij) . (A4)

Lastly, by substituting the final result from Eq. (A.4) in Eq. (A.3), the
F“’ al | G- p.aD ] (with

conditional modal probability of failure, P [
alpal > giy can be expressed as

[p.aly_G.j[p, 7 ij.p.gD). RGN pGE) ~
p I:FL,ij |qi1p q])] =19 (agu p.ab. gD Bl ,UEU.)

x POD ({7 PV} . (A5)
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Appendix B. Derivation of lower and upper unimodal bounds
for the probability of the false-call event FC!?;

The logical expression for the false-call event FC», provided

in Eq. (29), clearly represents a combination of series and parallel
systems, and can be rearranged as

01 /102D
] (i D
FCha 2 11 ﬂ Al PaD  gi

i=1 j=1

|I>

n(fe
[0,p] (i,[0,p])
n pm

ﬂ U U Aﬁd’.[p,q]) Zaij

i=1 j=1

retd (7).

where the event FC l[f)’cg would represent the false-call event (at the
overall system level) when only the local reliability components (or

local failure modes) are considered. The probability of this event,
herein denoted by P [FC|P~E”]

lI>

(B.1)

local |+ €an be computed as

2001 7, (.10.p])

[p.ql ] m (i.J,[p.q]) ij

p I:Fcloéal:l =P U U Am” ' = ac
i=1 j=1

nlo-P1 (l [0 )]
n

m ﬂ A(u[pq]) <a
i=1

j=1

[0.p] (1,[0,p])
n "bm

<PIO)| () AGP <dd

i=1 \ Jj=1
= P[E;1|E2] x P[E:], (B.2)

where the two events E; and E, are introduced for the sake of
conciseness. Event E; in Eq. (B.2) can be viewed as the failure

event of a series system with n = 21 . ngl\ﬁo ) components.

Thus, similarly to Eq. (28), lower and upper unimodal bounds for
P[E1|E;] can be obtained (see Eqgs. (B.3) and (B.4)) by making use of
assumption (iii) about the damage size measurement model used
herein (see Section 3) and the definition of the false-call event

FCEaUq] N { (Ag,j,[p,qb - ag) N (Ag,f,[p,qn > ag‘)}'

P[E;|E;] > max( [ALP9D > ¥ |E, )
> max( [AGH PO > g |alia) < gi])
[p.ql
plrety]
> max | ———— (B.3)
1d ;
W FA(IJ [p.al) ( ]>
P[E,|E;]
‘n[O pl (l [0 pD
L
<min | 1, Z Z A(u[pq])>au |E ]
i=1 :
<min | 1, P [A,(#J,[p,q]) > a’g ’A((]z,j,[p,q]) < ag]
i=1 j=1
-niLo,pl n]()iiélO.p]) [ CL[p; q]]
) ij
<min | 1, Z — (B4)
1
| =1 = FAgi,j,[p,qn (03>

The second term on the right-hand side of Eq. (B.2) - i.e., P [E;] -
can be viewed as a parallel system for which the narrowest lower
and upper unimodal bounds [38] are expressed as

[0.p] _(i,[0,p])
n,  Tpm

,
max | 0, Z Z Fy cimap (03)
=1

i=1

— (=1

< P[E;] = lTllirl (FAgi.ij.qD (G?)> . (B.5)

Then, substituting the results of Eqs. (B.3)-(B.5) in Eq. (B.2)
(multiplying lower bound with lower bound and upper bound
with upper bound) yields the lower and upper unimodal bounds

of P [FC [p"”] provided in Eqs. (32) and (33). Finally, the lower and

local

upper unimodal bounds for the parallel system defined as FC [” ‘” £

FClPah A (ﬂ;’; Fé’?;‘”) are computed, according to Ref. [38]. This

local

approach leads to the final results shown in Egs. (30) and (31).
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